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Abstract 

Certain interesting general properties arise in the higher n Yn automorphic nuclear magnetic 
resonance (NMR) spin symmetries associated with 12-, 20-, 60-fold exo cage clusters in the 
semitopological limit, which implies the absence of any form of NMR “magnetic equivalence”. 
These mapping properties are examined as part of the realization of Sp, dominant 
SU(m < n) x Sp, direct product spin algebra. In addition to their value as complete inventories 
of dual algebras, the Itn modules with their decompositions over {[n’]}(Y”), or as models 
over the related (automorphic) Y”% hierarchy, provide natural ways of understanding the 
physics inherent in spin algebras of NMR spin clusters over Hilbert space, and thus of 
investigating the determinacy of a particular finite group in any specific 9” group algebra. 
The question of the limit to Casimir invariants of higher unitary groups discussed by Sullivan 
and Siddall (J. Math. Phys., 33 (1992) 1964) is closely associated with such matters. 

Of particular interest in describing the NMR of icosahedral clusters [AX],, n = 12,20, 
and of [AX],, systems derived from ‘3C,-fullerenes is an essentially combinatorial description 
of the universal (dual) covering group (UCG) invariance aspects of the [A], monoclusters. 
This arises from the recognition of non-coincidence of the spin sites with the model 
rotational class operator axes used in deriving {xi}(SU(2) x .4p,ld5) for (for example) 
13C,,-fullerenes, first demonstrated by Temme et al. (Mol. Phys., 79 (1993) 953). Such 
combinatorial approaches are typical of the NMR of exo cage clusters. Inner tensor products 
allow the results derived under UCG to be extended, so that the correlative mappings 
{[n](SU(m) x Y&) -+ r(Y&l&s)} become accessible at least in the low branching limit, for 
m << 5, despite the absence of detailed knowledge of Z’(Y&) characters, beyond the principal 
component. The review concludes by drawing on our knowledge of the mapping properties 
of Liouville spin space for multiple quantum NMR and of certain fundamental UCG 
mappings over its associated carrier subspaces, {fi,} for u = (k, - k,){~@, . . .}. These define 
the recoupling aspects and permit the retention of simple reducibility under UCG in 
Liouville space. The wider consequences of these observations are discussed elsewhere 
(Temme, Physica A, 166 (1990) 676; 202 (1993) 295). 

Keywords: 13C-Fullerene NMR; Exo cage cluster NMR; Direct-product spin symmetry; 
Subgroup embedding in 9” spin algebras. 

1. Prologue 

A semitopological view of the {J, J’, J”} set of spin interactions, associated with 
each of the identical nuclear magnetic resonance (NMR) nuclei of an exo cage cluster 
[l], is used to give an overview of NMR cluster symmetry and (t-9) icosahedral 
fullerene spin symmetry in the higher n-fold exo cage cluster limit [2], in which the 
non-magnetic equivalence (non-ME) aspects, rather than the restricted ME limit 
[3], of NMR are dominant [4]. Certain model aspects of combinatorial physics, 
and of ideas related to Y, module decompositional mappings, i.e. in the context of 
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permutational aspects of scalar invariants [ 53 developed by Rota, strongly influence 
the views expressed here. In particular, the earlier formative ideas of Doubilet et al. 
[6], concerning scalar invariants of Cayley algebras, and of Biedenharn and Louck 
[7], on mapping over the carrier space of the direct product cooperative spin 
algebras of dual groups, dominate our views of both Hilbert and Liouville spin 
spaces, because of their inherent correspondence to aspects of the universal covering 
group (UCG), which for spin physics of clusters is clearly SU( 2) x yn,. The correspon- 
dence between the {.Jij> interaction set and the symmetry aspects invoked arises 
from well-established ynpnl’Z? automorphisms [l] of NMR, such as (for example) those 
inherent in Figs. 1-4. The nature of Liouvillian formalisms of modern NMR has 
been the subject of more extensive theoretical reviews, which will only be drawn on 
here in respect of their impact on NMR spin cluster problems [ 81. 

The practical question of the existence of limits to the determinacy involved in 
the natural embedding [9,10] of subgroups yn spin algebras is of a more recent 
origin. It imparts a certain additional motivation to these discussions, in terms of 
models and spin algebras pertinent to exo cage and high symmetry fullerene spin 
physics. Certain Ak n partitional aspects of permutational modules underlie the 
physics and the irreducible representation (irrep) branching depth, which is controlled 
by the associated SU(m) aspects of the dual group spin symmetry. These interrelated 
questions, themselves derived from the {At n) (yn) sets and certain r(ynpnlg) physical 
models of finite subgroup embedding in a specific yn group, determine the partition- 
ing of the identical-spin problems of NMR [11,12]; they are inherent also in the 
nuclear spin statistics [ 13-151 of the rovibrational spectra originating from clusters. 
In these discussions, the mathematical symbolism i 1 n denotes “a 1. F n partition of 
the number n into p distinct parts” [S]. 

The topicality of such spin problems arise in part from the recent theoretical work 
of Sullivan and Siddall [ 161, who examined (i.e. in terms of explicit algebraic 
relations) the upper limits to the determinacy of Casimir invariants of n = 6 
SU(m d n) x yn%?? spin symmetries. Similar questions over more general scalar invari- 
ants, such as those associated with various icosahedral sPnlzZs spin symmetries for 
n=12,20,60,... -fold spin clusters, have been raised in subsequent work [ 17-191. 
Both of these areas are conceptually related to aspects of the UCG for spin physics. 
Naturally, the presentation adopted here, for an inorganic and physical chemical 
audience, is limited by the need to give an essentially non-mathematical conceptual 
overview. Hence, the more difficult mathematical questions will only be cited in the 
present text, rather than discussed explicitly in any detail. 

The mathematical treatises on representations of the symmetric groups realized 
in terms of 3, F n modules by James and Kerber [20a], and in earlier more traditional 
form by James [20b], together with recent explicit combinatorial reformulations of 
these ideas by Sagan [21] are especially important. The strength and pervasive role 
of these recent extended views of Young’s rule are discussed at length in Sagan’s 
mathematical monograph [21], which has implications (via the Littlewood- 
Richardson (LR) rule) for inner tensor product (ITP) enumerations. The evaluation 
of the integer Kostka coefficients, on expanding a specific jtil n module over the 
{[A’]) (9,) field, i.e. from [n], [n - 1, 11, . , down to the specific [A] form, derives 
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from the study of all possible seminormal contents, defined from 1, which may be 
fitted into the lattice graph shape associated with each [n’] Sp, irrep. The process is 
referred to as a decomposition of a Yn module. 

The wider physical context of the review will be clear from the relationships 
between this research area and certain adjoining fields, e.g. those associated with 
wreath-product spin symmetries of non-rigid clusters in NMR [22,23], or with the 
extensive NMR area concerned with Liouville spin dynamics [24,25]. Of the other 
related fields, that concerned with quantum rotational (QR) dynamics and QR 
tunnelling [ 26-281 introduces certain interesting additional gauge-dependent ques- 
tions [29]. The solid state vibrational modes of i3C,,-fullerenes [30-321, e.g. as 
studied by spin-dependent (incoherent) neutron scattering, or in the context of NMR 
and spin statistical physics [33], serve to stress the interdisciplinary nature of the 
physical study of clusters. 

The prime focus of our presentation will be on aspects of NMR, or on the 
analogous rovibrational properties [ 33-351 of cluster molecules, as treated by Harter 
and Riemer [33], or Temme et al. [18,36], e.g. under P&,1&‘s models, or by 
Balasubramanian [34a,b,35], using cycle index (CI) techniques derived from symmet- 
ric functions [37]. The importance of understanding the nature of the nuclear spin 
statistics and their associated subduced symmetry models is stressed throughout. A 
topical discussion deals with the determinacy of natural embedding of a subgroup 
in some higher n-fold Yn group spin algebra. Since these Yn-automorphic properties 
of spin systems have been largely ignored in the earlier literature, this is an important 
question. Indeed, the depth to which an W(m) x Ynlg algebra remains determinable 
is a totally analogous property to that examined in terms of Casimir invariants by 
Sullivan and Siddall [ 161; however, here the methods used to investigate the question 
are drawn from ilk n dominance order of theoretical physics models appropriate to 
most “multisite” problems. 

2. Initial context of Hilbert space cluster properties: inventorial, mappings and direct 
product formalisms 

Early theoretical work on few-body spin interactions in the context of democratic 
recoupling [38,39] is of importance in understanding the inherent difficulties of 
handling high n-fold spin algebras, applicable to the NMR of (bi)clusters, and 
eventually of realizing the practical transformation coefficient matrices [40]. Even 
for n < 8 within the well-defined cw quantum formalism involving the zeroth-order 
hamiltonian [41,42], the real problem is not so much that of factorization under an 
explicit algebra associated with the dual symmetry as that of the realization of these 
transformational properties for their fundamental physics. Corio’s early NMR text 
[41] stresses the value of r(Y” @ 9,) direct product symmetry formation for practical 
bicluster NMR systems [4,42], as well as the combinatorial simplicity of the total 
outer M (z projective) states in SU(2) cluster NMR. The writings of Coleman [43] 
and of Biedenharn and Louck [7] amplify these ideas on the simple reducibility 
(SR) properties of the carrier space associated with spin l/2 SU(2) x 9, clusters and, 
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as a corollary, of the value of dual projective mapping under this UCG for spin 
physics; as a consequence of Cayley’s theorem, all the common finite groups associ- 
ated with spectroscopy are subgroups of one of the lower n Sp, groups [41,42b]. The 
interrelations between these groups and the corresponding general linear groups are 
set out in Coleman’s treatise [43]. Both the hierarchical nature of unitary algebras 
[2], whose NMR aspects are discussed in Refs. [44-461, and the essential structure 
of group algebras of interest and practical application in physics and chemistry are 
set out in Tung’s monograph [47], for example. 

The treatment of higher identical spin clusters determined by any of these unitary 
algebras necessarily introduces certain non-SR properties [2] over a spin space. 
However, the inventorial properties [2,12,48] of ltn partitions [49] for the corre- 
sponding “number of distinct parts of n”, designated here by p [ 50,511, such as the 
p < 3-tuplar forms for SU(3) dual algebras, overcome the counting problem and 
allow a full description of the { 1 ZM( ))} spin spaces for all [AI” clusters [ 2,18,52]. 
Naturally, the convenience of straightforward boson ladder operators and simple 
mappings within the projective formalisms [7] are restricted to SU(2) x Yn algebras: 
these yield the simple mapping 

ux~(~):M-*M{~~(U)x~~“‘)UESU(2);9(~)~.4P,}, (1) 

over the carrier space I-l. By contrast, the direct product, or dual group mapping 
over all SU(2) x 9” Liouville space, is derived from 0 x P@(u)) superoperators 
acting over fl? = Z,fi, subspaces, so that the SR properties are retained. These ideas 
in Eq. (1) about the nature of the mapping over 0-i of Hilbert space underlie the 
ladder operators defining [7] the fundamental Wigner operators within 

I l \ 

i 1 

0 

0 1 0 ) Ijm)=[(j$-m+1)/(2j+1)]“2~j+1/2,m+1/2) 

i 1 0 0 1 

0 

0 1 Ij~)~(f)C(jTm)/(2j+1)1”21j-1/2,mf1/2) 

(2) 

which may be related to boson pattern bases on noting the following equivalence: 

I( 3 0 

j+m )> -IAm> (3) 

a property of SU(2) x Yn algebras. The nature of Gel’fand algebra has been discussed 
both in earlier general reviews [7] and in the context of NMR clusters [ 171. 
Alternative treatments of Gel’fand formalisms for higher unitary algebras may be 
found in the work of Moshinsky [ 531 and in a recent additional review by Biedenharn 
and Louck [54], which dates from 1992. 
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The discussions given by Coleman in an early review [55] and in his more 
specialized monograph [43] on “induced (subduced) representations over G for the 
yn and 32(n) groups”, as amplified by Sagan’s later treatment of similar material 
in terms of combinatorial algorithms [21], stress the value of combinatorics in 
deriving yn group characters underlying point group tables and allow one a rather 
fuller insight into the nature of the stepwise processes associated with 
~“1~~_r~... 1 Y;. Racah spin symmetry chains of subduction. However, the domi- 
nant process of interest in considering NMR spin cluster symmetry is that of natural 
embedding of a subgroup into a high n 9” group, denoted by ynl%. The Racah 
stepwise chain of Sp, groups has a contrasting application: in defining the wider 
aspects of democratic recoupling hierarchies [ 10,171. The value of both forms of 
subduction is extended on introducing the idea of self-associated (SA) 1 k n partitions 
or [AI irreps, i.e. forms invariant to rotation about a diagonal of the lattice 
graph, as the choice of an initial [A],, yields a hierarchy of SA sets in the subduced 
space, or over the sequence of Sp, chain sysmmetries [9]. While the study of the yn 
symmetric groups in the form of Z(y?,) character tables has an extensive history, the 
explicit x{t/ characters are only rarely used in physical applications. From theoretical 
physics, it is known that the ITPs (yn ITPs) [A] 0 [A’], derived from the lower 
2( 3)-tuplar forms, provide insight into the structure of higher unitary algebras [ 191. 
In this context, the presentations given by James and Kerber [20a] and James [20b] 
for II G 10 yn groups and the work of Ziauddin [56] on y1442 (yi3) groups are 
invaluable; the more recent work of Liu and Balasubramanian [57] on z!(y”) for 
15 < n < 18 is also of value in the context of applications in areas of mathematical 
and computational chemistry. 

An understanding of the analogous combinatorial algorithms [20,21] associated 
with Young’s rule for decomposition of 1 k n modules over {[A’]} that defines /iztn,, 
Kostka coefficients, or with ITP formation [ 2,19,20], as determined by the analogous 
LR [21] rule, underlies much of the subsequent presentation. The nature of lexical 
ordering and dominance in yn algebras [21], where the depth of the branching is 
determined by the SU(m) unitary algebra, is of much practical importance in discuss- 
ing specific points. 

A result from early democratic recoupling studies [38,39] is also of interest. For 
fixed n sets of (p < m)-tuplar irreps over increasing magnitudes of identical Ii, the 
outermost total M subspaces are found to take on a common irrep forms, irrespective 
of yet higher Ii values, a point stressed by Levy-Leblond and Levy-Nahas [38] in 
discussing analytical scalar invariants under y3 symmetry. A similar effect over 
Liouville space has been demonstrated under the Sp, group, as set out in Tables 2-4 
of Ref. [SS]. 

3. General higher n SU(m) x L$ p-tuple modular mappings 

Number partitions of n into p < m distinct parts (p-tuples) give rise to an ordered 
lexicology, in which each p-tuple has associated with it a monomial form of (p - l)- 
fold product of combinatorial terms which defines the permutational identity, with 
all the 3 (or 4) -tuples following a general form. Within their intrinsic hierarchical 
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aspects, these :A: E 1 t n partitional modules represent the scalar invariant forms (over 
the Rota-Cayley fields) which define the SU(m) x 9” algebra. Also they provide the 
inventorial structure of group dualities over the higher unitary spin spaces [2,12,48]. 

3.1. Inventorial hierarchies of p d 3-tuples (/IM>jM of [2D],(Y~~12) spin clusters 

The corresponding inventorial aspect over the M subspaces for SU(3) x 9i2 spin 
duality is realized in Table 1, in terms of a suitable {:A:} p d 3-tuple hierarchy. In 
addition, the mathematical physics of these p-tuples (modules) encompasses the full 
set of scalar invariants of Cayley algebra [2,48,58], within which one derives the 
combinatorial forms over {MI-M,} inner weight z projection sets of NMR Hilbert 
space. Much of the following development of the topic rests on this fact and on 
automorphisms of the 9, group. The higher outer M aspects of the corresponding 
spin space for C2Dlz0 (y2,,) are set out in Table 4 of Ref. [2b]. 

3.2. {:A: + {[?b‘])) Yn modular mapping in the high n limit 

A further general insight is developed here of these stepwise propagative expansions 
of :1: 3 1 k n forms for n of yn sufficiently large, that the condition n - r >> r (not equal) 
holds (for example) for 2 z :n - r, r-r’, r’: 3-tuples. However, even for the 
n - r = r - r’ case with its smaller n vs. branching ratio, a subset of the general n 
non-SR set of irreps is observable with minimal contraction in the 
{:L(SU(m)) + {[AI}} map for the low branching high n limit. 

For completeness, we include the p < 2-tuplar modules, where r < n/2 applies over 
dominance ordered SR irrep sets [2,21,41], corresponding to the universal covering 
group for spin algebras, SU(2) x 9,. The permutational identity, or order 11 A: 11, 
corresponds to a module identity invariance, xE. Thus, on introducing the (:) combi- 
natorial term, the maps derived from p d 2 i,kn modules become 

:n: + [n]; 11 :n: 11 = 1 

:n-r,r:(~~)~{[n],[n-l,l],...,[n-r,r]};(~:n-r,r:~(= : , 
0 

(4) 
Vn,r<n/2 

For 3-tuples, the irrep subset maps onto a subspace which is no longer of a SR form; 
however, the simple low valued integer {0, 1,2,3,4, . . .} A,,, terms, or Kostka coeffi- 
cients, are in principle known quantities, as a consequence of a combinatorial 
statatement of Young’s rule [21]. Thus, they define the mapping from It n modular 
forms onto the {[I]} set, within (for example) 

:n - r, r - r’, r’: -+ {[In], AlA,1 [n - 1, 11, . . . , 

AA.,,,,,[n-r,r],..., AA,,, [n - r, r - r’, r’]} 
(54 

for n/2 > r > r’ (i.e. with n - r >> r). The specific forms for the /i may be deduced by 
using a combinatorial rule and lattice graph shapes. Confirmation of their magnitude 
comes from modular considerations, involving the sum over gi$ products yielding 
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the group order, or from the property that the general weighted sum over the $$ 
principal characters of the resultant [A’] irreps must be identical to the numeric 
(combinatorially derived) modular identity, which is a specific characteristic of each 
such p-tuplar form, as in 

V A = :n - r, r - r’, r’: of p = 3 parts 

The specific non-SR maps for ordered 3-tuples form a hierarchy within 

:n-2,11:(~~)~{[n],2[n-1,1],[n-2,2],[n-2,11]} 

:n-3,21:~{[n],2[n-1,1],2[n-2,2],[n-2,11],[n-3,3], 

Cn - 3,21x, 

(5b) 

(6) 

where the principal characters of the 9” group irreps are defined by the standard 
hook length formula [21,55,59] for all yn groups. The uniqueness of these characters 
for many higher ym groups also provides help with initial determinations of the set 
of {AntA,,} irrep coefficients within the non-SR map, i.e. prior to invoking Young’s 
rule. Further, the combinatorial properties of p-tuples over the branching hier- 
archy allow a stepwise enumerative process to be used. Examination of the outer- 
most irrep components indicates that the concluding {[n - r, r], [n - r, r - 1, 11, 
[n - r, r - 2,2]} subsets are frequently an SR aspect of a more general non-SR map, 
as in 

~-4,2,2:(~~)~{[n],2[n-1,1],3[n-2,2], 

[n-2,11],2[n-3,3],2[n-3,211, 

{[n-4,4],[n-4,31],[n-4,22]}}, Vn>8 

(7a) 

where the general :n - r, r - r’, r’: modular identity follows directly from 

n r 
(1 :n - r, r - 2,2: 1) E 0 0 r x 2 V) 

On taking the unit column vector $(9&s) of p < 3 irreps in lexical order (where 
* denotes the (future) position of an additional 4-tuplar irreps in modular expansions 
over higher (p) sets), 

e+ = {[n], [n - l-J, [n - 21, [n - 2,111, [n - 3,3], [n - 3,211, *, 

[n-4,4], [n-4,31], [n-4,22], *, . ..} 

one readily obtains the further mappings 

:n-5,3,2:-*{1,2,3,1; 3,2,-; 2,2,1; l,l,l}% 

:n - 6,4,2: --, { 1,2, 3, 1; 3,2, -; 3,2, 1; 2,2, 1; 1, 1, l)e(y”) 

:II - 7, 5,2: ---, { 1,2, 3, 1; 3,2, f 3,2, 1; 3,2, 1; 1,2, 1, . . .; 1, 1, l}%, 

(8) 
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in agreement with relation (5b). The more highly branched form :n - 6,3, 3:(.5&) 
gives rise to the specific yIZ subset map 

:6, 3, 3: + { 1, 2,4, 1; 3, 3, -; 3, 3, 1; 3, 3, 1; 1, 1, 1, l}~(L&) 

within the constraints imposed by the modular identity 

(9a) 

I/71-6,3,3:/1=20x 1 
0 

As an alternative to explicit use of Young’s rule, the detailed n 2 12 symmetric 
group characters, with their wider span of {CL’]} field and higher value of n, may 
resolve the form of the general mapping in the low branching limit [ 121. The rapid 
(two-fold) enhancement of the dimensionality of the p-tuplar identities restricts this 
approach to p d 4 modules. A couple of general forms are readily accessible for 
n d 12 Sp, algebras, using these arguments. Hence, one obtains 

X-3,111:+(1,3,3,3; 1,2,1}L?(Yn) 

from the modular identity 

(104 

(lob) 

while the mapping relationship 

:n-4,211:+{1,3,4,3; 3,4,1: 1,2,1,1)X?(yJ (Ifa) 

extends the form of the :2211:(yC) tuple, derived below. The specific 4-tuplar identity 
is given by 

/:n--4,211:,,=2(;) x (:)=12x (3 (lib) 

A further property of Kostka /i,t,, coefficients is worth noting, namely that the 
coefficients associated with the [n] and the specific “named” [A] irrep of the set, i.e. 
identical in branching structure to the module At-n form, are always unity. 

Since the {/iltA,,} coefficients effectively define the overall r(y”,) irrep associated 
with a module, the corresponding set of permutational invariances {$}(yC) in the 
context of Z(yJ may be utilized in enumeration within [49a,60] (Table 2) 

& specific for :I: = (l/n!) Ctirl xi giEF$‘l (12) 

For the segment :A: = :2211: to :16:, this relationship yields the low n subset of Kostka 
coefficients. Over adjacent unitary algebras these are seen to differ only by one (or 
a couple) of entries from the high n general result, e.g. of Eq. (1 la), compared with 
the :2211: expansion. This is a useful point to bear in mind in understanding SU(m) 
branching of different yn algebras, or under intermediate branching regimes. 
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Table 2 
The sy(Y6) permutational invariance properties of the complete set of p-tuplar modules over the full 
Sp, group cycle algebra [49] 

% (111111) (11112) (1122) (222) (1113) (123) (33) (114) (24) (15) (6) 
1 15 45 15 40 120 40 90 90 144 120 

:6: 1 1 1 1 1 1 1 1 1 1 1 
:51: 6 4 2 0 3 1 0 2 0 1 0 
142: 15 I 3 3 3 1 0 1 1 0 
:4, 11: 30 12 2 0 6 0 0 2 0 
:3,3: 20 8 4 0 2 2 2 0 
:321: 60 16 4 0 3 1 0 
:3, 111: 120 24 0 0 6 0 
12,221 90 18 6 6 0 
:2,211: 180 24 4 0 
:2, 1111: 360 24 0 
:llllll: 6!=720 0 0 0 0 0 0 0 0 0 0 

As derived from self-consistency relationships and unit components of :I: maps for [n] and [A] (last or 
name entry) in :k -+ {[n], [n - 1, 11,. . . , . , [XJ, 0,. . , 0); the generality of simple reducibility of SU(2) 
duality serves to define the properties of all the 2-tuples over their invariance hierarchy, as implied 
in Ref. [41]. 

4. Highly branched 9’” module subsets for (n - r S Y - r’) compared with the 
generalized maps 

As examples of the low n Sp, subset variations compared with the generality of the 
n > n - r condition given in the last section, we present the 3(4)-tuples of Y”, 
4 < n < 8, in a compact form listing the coefficients over { [Xl}-ordered lexical field 
2’; here the isolated variations within the subset are shown as underlined integers. 
Certain terms from amongst these are naturally omitted from the ordered lexicology 
for a specific value of p and need not detain us further. Hence, we find that 

:211:(Yd)+{1,2, 1,l; -}9, for %!(LQ+= {[4], [31], [22], [211]; [llll]} 

:llil:+ (1, 3,& 3; l)e 
(13) 

where the latter set corresponds to the principal character set of the symmetric group 
Yd. Hence, the origin of the :14:-tuple properties under the Y4 group, or by isomor- 
phism under the physical finite group .Y41G, is clear [SS]. 

Further, on treating the full SU(m = n) x Ye group the augmented lexicology (in 
natural B dominance order) now spans the irrep set 

Wi)+ = X61, CSll, C421, C4111; C331, C3211, C31111; 

c2221, CT 2111, CT 11111, Cl9 

thus the mappings for p 2 3-tuplar modules, as elements of W(m) c SU(6), take the 
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form [49] 

:411:(Yh)+ { 1, 2, 1, 1; -}%, 

:321: j { 1, 2,2, 1; 1, 1, -; -}%(Y,) 
(14) 

:3111:+ {1,3,3, 3; 1,2, 1; ->%, 

:222: --) { 1, 2, 3, 1; &2, -; (-, -) 1>e (15) 

:2211:*{1,3,4,3; 2,4,1; (-,-)l,l}e 

:21111: + { 1,4, 6,6; 3, 8,4; (-, -) 2, 3, 1; -}2 
(16) 

:111111:-t{1,5,9,10; 5, 16, 10; (-,-)5,9,5; l)C 

Once again, the higher (3,6)-tuplar forms of the final component irreps, [ 23] - [ 16], 
and the generality of :l”: n-tuple come directly from aspects of the abstract n-fold 
symmetric group and its corresponding modular invariance properties [21], arising 
as from Burnside’s lemma. 

For the branched Ys modules over p d 4 fields of irreps, the lexicology spans 

~W’s)+ = IPI, C711, C621, [I6111; C531> C5211, [5111X 

[44], [431-J, [422], [4211-J; [332], [3311-J, [3221-j, *; 

[2222], [22211], . . .} 

and the requisite :A:(&) mappings [60] take the form 

:422: + { 1,2, 3, 1; 2,2, -; 1, 1, l}% 

:4211: + { 1, 3,4, 3; 3,4,2; 1,2, 1, l}S?(Y*) 
(17) 

:332:+ { 1, 2, 3, 1; 3,2, -; 1,2, 1,O; l}% 

:3311:+{1,3,4,3; 4,6, 1; 2,4, 1, l,-; l,l}$ (18) 

:3221:+ {l, 3, 5, 3; 5, 6, 1; 2, 5, 3,2, -; 2, 1, l}$ 

:2222: + { 1, 3, 6, 3; 6, 8, 1; 3,7,6, 3 -; 3, 2, 3, -, -; l}% 

:22212: + { 1,4, 8,6; 9, 14,4; 4, 13,9,9, 1; 6, 5, 6, 2, -; 1, l}e(Y,) 
(19) 

:2214:-, (1, 5, 11, lo; 13,24, 10; 6, 23, 16,21, 5; 11, 12, 13; 8, 1; 2, 3, l}%? 

:216:j (1, 6, 15, 15; 19,24,20; 9,40,30,45, 15; 21,26, 30,24,6; 5,9, 5, 1}2 

:18: + { 1,7,20, 21; 28, 64, 35; 14,70, 56,90, 35; 42, 56, 70,64, 21; (20) 

14, 28,20,7, l}e. 

The consistency of these results for n = (6,8), 12,20,24,36 even n 9, groups, and 
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for IZ = 7,9,11,15 for odd IZ Yn groups, is demonstrated in the tables and subsequent 
discussion. For the higher 9” groups, it is the mapping involving the SA modules 
which presents the most difficult aspect of Kostka enumerations as applied to NMR 
spin clusters. 

As specific comparisons of subset-full set 9” module expansions [49a], the 
following offer direct insight into the relationship imposed by the combinatorial 
counting rule for seminormal contents in the general and limiting cases, where 
omitted “-” coefficients refer to non-existent irreps under the specific lexical module; 
hence, 

:14: ()( {1,3,2,3; -,-,I> 

:313: + {L3, 3,3; 1,2, f> ) 
e(z) (21) 

where the underlined integers refer to components of smaller magnitude in the subset, 
compared with their counterparts in the full high n weak branching set or modules, 
and 

(>( :222: 1422: -+ {L2,3, Cl, 293, 1; 1; 232, 1,2,-; -; -,-, 1, 1, 1) 11 

or 

(i::::;)-( {1,3,4,3; 2,4,1; -3 -3 1> ~ 

{1,3,4,3; 3,492; 122, 

1, 1, 

11 

> 

(22) 

(23) 

for the lower unitary algebras, whereas for a pair of modular 1 t it drawn from higher 
unitary algebras the correspondence is less obvious, for example as in 

{ 1, 5,9, 10; 5,g, lo; -, . . .) 5; -, -, -, -, l} e 

(1, 5, 10, 10; 10,20, lo; 4, (. . .) 5; 5,6, 6,4, 1) 
(24) 

where we restrict consideration to the initial and finite irreps in the expansion 
sequence. 

5. A wider demonstration of p-tuplar module properties over {[A’]} (P’,,) 

While the Z(Yn) tabulations of the full Yn characters are known [20,56] up to 
n < 13 Yn may be computed up to n Q 16, 18, as indicated in Ref. [57]. The principal 
characters x[$, follow directly from the hook length graphs [55,59] and Table 15. 
These properties are now invoked in demonstrating the consistency of the (I :A: 11 = 
ZA AfAtl x 11 [A’] )( product relationship for 3(4)-tuple modular mappings derived 
earlier. This is examined in Eq. (25) (in Table 3) for SU( 3(4)) x Y”, for II = 12, 20, 
24, and 36, as in the right-hand column vectors. 

The validity of a set p-tuple maps now for odd-valued n-fold spin clusters is 
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considered, for 9” with n = 7, 9, 11 and 15; within these odd n sets one obtains 
{A} {At,, > CC01 

:n - 3, 111: 1, 3, 3, 3; 1,2, 1 

= :n -4, 31: 1,2,2, 1; 2, 1, f 1, 1 

\;z: ::1:i \ 1,2, 3, 1; 2,2, -; 1, 1, 1 1, 3,4, 3; 3,4, 1; 1, 2, 1, 1 i 

Cnl 
Cn- Lll 
(n - 2,21 
[n-2,11] 

[In - 3,31 
[n-3,21] 

[n-3,111] 

[In - 4,41 
[n-4,31] 

[n - 4,223 

[n-4,211] 

II :a: II (Y;) - 6%) - (%I) - Ply;51 
(26) 

For Y;, [n - 4,4] is naturally excluded by the lexicology. Using the principal 
characters of Table 3 the sum of Ctn,,/lyA,, x I( [,I’] )I terms again is identical to the 
combinatorial dimensionality of the 3(4)-tuples surveyed down to :n - 4, r - r’, r’: 
3-tuple forms (for n < 15), or to :n - 6, r - r’, r’: forms, for the .Z& or Y;,, groups, as 
set out in Ref. [ 123 and Ref. [ 21 respectively. 

For proof of the existence of this n - r >> r limit in :n - r, r-r’, r’:, or similar 
permutational modular expansions, one merely has to look at the exigencies associ- 
ated with the combinatorial counting rule in this high n limit, compared with more 
general enumerations. The existence of a non-incremental limit for the A, once a 
certain value of n - r to r is reached, follows directly. More comprehensive tables of 
Kostka coefficients and the {.$}(sP,) permutational invariance sets are set out in 
Table 2 and Tables 4-7; a modular property [21] in this context is one associated 
with EigisjA’, for which all 1 k n partitions generate the cardinality number (19” 1) = 
n!; here, gi is simply the order of the ith cycle (class) operators Z(Y”), as given by 
Cauchy’s relationship [ 20,211. 
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Table 4 
:A: = At n vs. s&(Y;) over the full Y; cycle algebra with I/ YT 11 = 5040 

Itn Xl x2 x3 x4 x5 X6 x7 -& x9 Xl0 XII Xl, Xl, Xl, x,5 
1 21 105 105 70 420 210 280 210 630 420 504 504 840 720 11X, I/ 

17: 1 11 111111111111 
:61: 7 53 14 20 13 10 2 0 10 
52: 21 11 5 3 6 2 2 0 3 1 0 1 1 0 
:511: 42 20 6 012 20 0 6 0 0 2 0 
:43: 35 15 7 3 5 312 11 IO 
:421: 105 35 9 3 12 2 0 0 3 1 0 
#:4111: 210 60 6 024 00 0 6 0 
:331: 140 4012 0 8 40 0 0 
~322: 210 50 22 6 6 10 2 0 
:3211: 420 80 12 -4 12 2 0 
:314: 840 120 0 024 0 
:2221: 630 9018 60 
:2113: 1260 120 12 0 
:215: 2520 120 0 
:l’: 5040 0 

The skew-triangular matrix of .& permutational invariances of the It n p-tuples associated with 
SU(m < n) x YmC7 duality over cycle structure of the Y; group is shown, the lower skew-triangular space 
being a null space aspect of the algebra. 

6. Significance of mapping for models under higher SU(m > n/2) x Yp.(k3) dualities 

The p-tuples modules are also invaluable in discussing the subductive mapping 
under group duality in either Hilbert or Liouville spin spaces [2,11], because of the 
way they focus attention on the SU(p) depth from the p < m (m”) distinct -tuplar 
structures respectively. Surprisingly, the use of mathematical subduced space model- 
ling with p-tuples becomes more tractable for the higher p forms; many of the 
invariance aspects are directly realizable from suitably labelled solid geometric (quasi- 
combinatorial) models of the p-tuplar modules. Hence, the distinct {r(,Yn19)} irrep 
sets for all 3-tuples of form :n - r, r - I’, I’: and those for higher-order 1 F n partitions 
follow directly. On combining these results with findings from the initial {A: + {[A]}} 
mappings of Eqs. (25) and (26), which address the non-SR problem of defining the 
values of specific A,,,,, > 1 Kostka coefficients, a difference mapping of specific 
physical interest comes to light. Hence the {:,I:(yl) + r(yl,%)} initial mapping associ- 
ated with subduction may be extended in its scope so that the corresponding 
{[AI -+ r(Y”%)} mapping associated with natural subgroups embedded in a 
high n Y, groups is derivable in a direct manner. However, such a conceptual result 
also demonstrates the existence of an NMR spin symmetry chain under group 
dualities derived from highest m = n, . . . , n/2, . . . unitary aspects and the correspond- 
ing sequence of modules. 

Perhaps it is useful to remind ourselves that these distinctive properties of specific 
symmetry chains are a consequence of the origin of spin algebras in theories of *Yn 
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automorphisms [ 1,4,11,12] for NMR spin cluster problems, from the associated 
{Jij: Jf,j,} intracluster interaction hierarchies (under 9” automorphisms) of Figs. l-4. 
The use of these ionic 3-space models is itself a reflection of group automorphism, 
since there is no direct physical single-group 3-space involvement (i.e. without an 
9, group aspect) in NMR. Finally, it is noted that the wider ITP algebras for these 
yi, and .u?,% group spaces allow one to extend the initial results, derived from 
SU( 2) x Yn and SU(2) x Ynlg symmetries, into calculations associated with the 
higher unitary dual groups [2,18,19]. 

The use of semitopological schemata for 4 < n d 20,60,. . . Yn spin symmetries is 
a topic which allows extensions to the CI views of Balasubramanian [ 13-151, as 
well as to other viewpoints [33]. Earlier interest in spin algebras in the contexts of 
SU(m) dualities [ 441 largely neglected the value of Yn automorphisms [ 11. Similarly, 
any restriction of discussions to SU(m) monoclusters over Hilbert space causes the 
value of group duality with its cooperative v recoupling aspects [61], inherent in 
ok(o) x ~t’l(v) dual irreps of Liouville space, to be overlooked. (A mathematical 
work by Kummer and McLean [62] on Bell’s theorem for hidden variables does 
not apply to (v).) Thus, the existence of a distinct duality symmetry chain for NMR 
spin cluster algebras under SU(m) x Yn was not considered in pre-1990 work, to our 

Fig. 1. The YGIO automorphism associated with a (43, J’} interaction set. 

Fig. 2. The YslcO automorphism associated with a (35, 35’. 3J”) interaction set 
Reproduced with permission from Ref.[9]. 
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Cage Symmetry: 

@12+ As) 

Local Symmetry: 

(C, 1 

Fig. 3. The ,Y;,14 automorphism associated with a {SJ, 5J’, W’} interaction set. A projected view about 
a specific nuclear spin site, with a subdiagram of the local symmetry. Reproduced with permission from 
Ref[ 12a]. (0 and 0 for BH are for perspective only) 

Fig. 4. The ,yicl$ automorphism associated with a {3J, 65’, (33”, 6J”‘), J”“} interaction set, in a con- 
tracted view of Y;01.a15 spin symmetry subduced further to C3 at the spin site chosen. The subset 
components in parentheses are omitted for clarity. 

knowledge, as it is a consequence of the above Liouville space mapping considerations 
[61]. These are discussed in more detail in a later section. An indication of the need 
to include a distinct dual symmetry chain may also be seen in the hierarchical 
structure of SU(m) x Y” modular il- n sets [49,60]. 

The enumerative aspects of mapping onto the related finite subduced symmetries 
involve additional models which are subject to the general limitations of class (cycle) 
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algebras with regard to the ability of the finite subgroup to lift any degeneracies 
associated with (identity) invariances under the subduced symmetry. While it is 
evident that these combinatorial models from the theory of A= 1” partitions and the 
forms of projective geometry are analogous to traditional formalisms [4,41,42,63] 
for higher Ii spin clusters for n z 12,20,60 symmetric groups, the use of the latter 
would be somewhat lengthy and tedious in such cases. An inspection of Ziauddin’s 
Z(Yip,,) characters [56] should convince the reader on this point. Some recent 
computational work [ 571 which reports the enumeration of Yn characters using the 
Schur function [37] approach for 14 d n < 18 serves to confirm this point and to 
put some practical logistical limit to the use of explicit Cu?, algebras. 

Further, by considering (permutational) invariance properties successively in both 
abstract mathematical and physical spaces, one obtains details of the full dual 
symmetry chain; the p-tuplar modules closest to the total branched h:l”: limit, for 
which a specific form exists, i.e. 

A .*[A’] = Xl” 2 [A’l v [X] (27) 

from the Burnside lemma, become scalar invariants of the higher unitary dualities. 
These are of value in discussing the highest Ii SU(m) spin clusters, within projective 
geometries associated with the specialized Sp, groups for n = 6,8, 12,20, whose x:?;l 
characters have been given already in Table 2. 

7. High unitary aspects and explicit SU(6) x 9,~ .40,1 SU(m) x Y,b nuclear 
magnetic resonance spin dual group symmetry chains 

By drawing on the p < m-tuples specifying the SU(m) algebra, we are in a position 
to describe the SU(4) x Ye 1 Ye =) SU(4) x YeJO dual group symmetry chain as an 
enlargement of a p-tuple, { :i: + {[A’]} (Ynls)} mapping problem [ 2,121. The full 
details of the six-fold dual symmetry chain are shown in Table 8, where retention of 
many of the original dual group properties follow from the u recoupling term; this 
derives from v being an explicit aspect of the Liouville space dual SU2 mapping. 
The completeness possible here arises from our previous examination of the 
SU(m) x Y, dual group algebra [49] and a conjecture on the nature of the maximal 
n-tuple expansions [ 2 11. 

The .$.lS view of ME NMR clusters presented in Ref. [ 161 is a formal view for 
a theoretical monocluster; it does not reflect a practical NMR need, either for a 
formalism within which the MQ NMR spin dynamics of a cage system are amenable 
to treatment or as a model for general [AX],, (SU(m) x 9”) bicluster systems; how- 
ever, it does remain an interesting insight. A comparable analogy would be to 
Ramachrandran and Murthy’s view [65] of alternative density matrix formalisms 
for treatment of q = 0 NQR problems. In particular, the Sullivan and Siddall 
approach [ 161, since it is not combinatorial in origin and does not utilize the 
symmetric group properties of spin algebras, takes no account of the high n limiting 
behaviour of such dualities, as demonstrated in terms of YnlS semitopological theory 
[ 11, or of an implicit role for (9” democratic) recoupling [ 38,393 under duality. 
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For the higher n = m group dualities over spin algebras, the difficulty arises from 
the n! dimensionalities, which are implicit in the SU(m = n) x Y,1~5 (n = 20,60) 
NMR spin cluster algebras. The self-consistency implicit in the module and modular 
permutational approach implies that further progress is only limited by the extensive 
form of calculations involved in deriving Z(Yn) or Kostka integers, or the incompati- 
bility of the physically related subgroup with the primary spin algebra, as found for 
n = s-fold group duality [9], whose accidental degeneracies render the SA irreps 
inaccessible. 

8. Specific model aspects of exo cage SU(m < n/2) x 9,193 spin symmetries 

8.1. CA: + r(Y~l%)) mappings for physical models 

In addition to the SU2 x YiZ p d 2-tuples [41], whose invariances under sf2L~s 
are well established [ 12b], it is possible to model the 3(4)-tuples under the subduced 
icosahedral symmetry to obtain insight into the structure of the more branched 
irreps contained within them. In part the approach comes from the structure of ITP 
algebras [19,20-j; these provide some additional confirmation of the consistency of 
these p-tuplar module expansions. We restrict the present discussion to examples 
of {xi} invariance sets under ‘4”iZ1d5 subduced symmetry [ 121, over the 
5+ = {‘Zi> = {E, CZ, CJ, C,, C;} cycle (class) operator set for the (automorphic 
3-space) model [ 121, 

{Xi} (:lO, 1, 1:) _ { 132,0,0, 2,2}5, 

{Xi} (:9, 2, 1:) = {660,0,0,0, o>a, 
(28) 

together with 

{xi} (:8, 3, 1:) zz { 1980,0,0,0,0}5, 

{xi} (:8, 2,2:) ~ { 2970,30,0,0,0}5, 
(29) 

which leads for Ft E {A,G,H,T,,T,}[66] to the realizations 

:lO, 1, l:-+ ((3, 8, 11, 7,7)F(& = 2) 

:8,2, 2: -+ ((57, 198, 255, 141, 141}pJxc, = 30) 
(30) 

:6,4,2:+ ((246,924, 1170,678, 678}J&Z = 60) 

:6,3,3:+ {{312,1236,1536,924, 924}F(xc, = 12) 
(31) 

:5, 5,2: --f {{278, 1108, 1386, 832, 832}&‘1~,,~; = 2f 

:4,4,4:+ {{60,2310,2910,1710, 1710}FI~cZ = 90} 
(32) 

where the result of the rotational operation itself is derived from a combinatorial 
formalism, or monomial-like product of such terms. From the SU4 x YIP12 4-tuples, 
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one obtains (for example) the following mappings: 

:9, 1, 1, 1: -+ (22, 88, 110,66,66}F 

:8,2, 1, 1: -+ (99, 396,495,297,297}F 
(33) 

:7, 3, 1, 1: + (264, 1056, 1320,792, 792)F 

:7,2,2, 1:+{396, 1584, 1980, 1188, 1188)F 
(34) 

:6, 3,2, 1: + (924, 3696,4620,2772,2772}P 

:6,2,2,2: + {{ 1416,5544,6960,4124, 4128}F[xc2 = 120) 
(35) 

:5, 5, 1, 1: + {{556,2216,2772, 1664, 1664}F(~~,,~; = 4) 

:3,3,3,3:-+ {{6168,24648,30792,18480,18480)~’1~c, = 24) 
(36) 

8.2. Specific higher invariants over subduced spin symmetries 

It is of interest to compare Casimir invariants associated with even-rank tensorial 
properties and Rota invariants over a field, of for example (M,, . . . , M,,) in Hilbert 
space or (k,, . . . . k,) (with C ki = k) over Liouville space, associated with individual 
spin inner set z projection. The use of projective geometric views allowing for the 
existence of higher regular solids, other than those invoked in Ref. [16], for which 
{Xi}, :16: - {720,0,0,0, 0}(Y610). The regular icosahedron and dodecahedron 
3-spatial structures provide additional insight into the properties of the various 
maximally branched p-tuples from, for example, :2? under the duality SU(6) x ,4pi2, 
or of :361 1: under SU( 8) x Y&, of Fig. 5, both of which contribute to their correspond- 
ing A4 = 0 subspaces. 

Here, we note that there are six distinct C2 pairs of spin sites under simple 
icosahedral symmetry and a similar number of sets of equivalent C3 sites for the 
20-fold dodecahedral subduced symmetry, as shown in Fig. 5, i.e. within a simple 

Fig. 5. A mathematical model for {xi} of the module and scalar invariant :3611: (SU8 x Y;O1~S) as a 
determinable invariance set. One further analogous projective geometry derived from a higher regular 
solid is known [49]. Reproduced with permission from Ref.[49a]. 
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mathematical labelling. Inclusion of the specific “on’‘-C3 axis labels introduces an 
extra factor of 2; simple combinatorial logic allows one to deduce the following 
invariance and irreps sets associated with the two p-tuples: 

{Xi}, :26:(SU6 X ~1*l~~)= {7484400, 6!, O,O, 0~ 

~(P&&) = {124920/l, 498 960G, 623 712H, 727 64O(T, + G)} 
(37) 

or 

{Xi}, :3611:(SU8 X Y;o’~~) = (52 145 533 44OOOO,O, 2 X 6!, 0, O}e 

r(‘u;O1~s) = { 869 092 224 480/t, 3 476 368 896 240G, 4 345 461 119 760H, (38) 

2 607 276 672 000( T1 + &)} 

where the identity is simply 

Clearly, the use of these higher projective geometries for multisite problems allows 
one to deduce many aspects of the dual symmetry chain SU(m = n) x .Y” ZJ SU(m = 
n/2) x Sp, =) Yn =) Y”l&‘s and its associated properties. 

Invariants of these higher dualities are especially pertinent to the NMR of cage 
boranes and exo cage clusters, as well as for t - 2 fullerenes discussed in the next 
section. For all these n >> 6 spin cluster problems, adoption of the non-ME condition 
is a necessity. Indeed, the ME constraint [ 161 is an unphysical restriction in the 
high n-fold cluster limit. An additional step in the symmetry subduction chain may 
be included where the spectra are deceptive-simple. This would apply to NMR 
spectra derived from strictly localized {Jij} cluster interactions. 

8.3. Specific ([A] -r(yin%)) subductive mappings 

A comparison of the two earlier mappings allows one to derive the {p d 4,. . . , 
irrep to r(Y121&‘~)} subductive mappings, such as {[A](&) + r(y?,@)}, presented in 
Ref. [49]. 

In contrast, the corresponding subductive mappings [ 121 for SU(m) x Y1, take 
the forms 

(39) 

(40) 
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(41) 

(42) 

Higher SU(m d n/2) x Yn irreps may be determined in principle, where the unit vector 
F spans the set given in the context of relation (30). Table 9 provides a summary of 
some additional aspects of {[A] -+ ~(LY’~~~&~)} subductions. 

9. General combinatorial physics approach to SU2 x .Y,kI8 spin systems for exo cage 
models 

For higher n-fold spin systems, the essential focus is on the non-ME semitopologi- 
cal limit [l], where the dominant symmetric group is linked to W(m) by group 
duality. In this limit and for n 2 12,20,60 sP,l~s = 9 cage clusters, geometric consid- 
erations imply that the NMR spin sites are seen as being in apicial configurations, 
with respect to the specific axes associated with the edge-centred C,, or face-centred 
C3, rotational class operators of the Y& ‘1&S = 9 NMR spin symmetry group 
[ 12,181. This realization allows a fuller exploitation of the purely combinatorial 
basis of NMR spin invariance of value to the enumeration of the [13C16,, and 
[ i3CFle0 fullerene spin systems. 

In contrast to both the specialized subduced tensorial techniques, e.g. as discussed 
by Harter and Reimer [33] under the full molecular symmetry group, and the CI 
symmetric function approaches [ 13-151 (as utilized in the enumeration both of 
rovibrational statistics and of structural isomerism), the present focus is on group 
duality aspects of spin algebras, which essentially retain their permutation symmetry 
within the subduction chain for (group) duality. For these, the t-dodecahedrally- 
related dualities provide a 9” automorphic and totally combinatorial approach to 
spin invariance problems [l&36]. Further, such forms of subduction may be con- 
trasted with the typical unit-operator-dominated (single group) Racah symmetry 
chain, i.e. that leads to the 3-space icosahedral group [66] for conventional non-spin 
molecular symmetries. 

Additional material arises from consideration of group duality within the projective 
geometry of SP,~JJ~ icosahedral spin symmetry [ 121, or from the viewpoint of 
“contracted” tensors [67] over the SO(3) group or physical finite groups, e.g. the 
$h icosahedral group [66]. Conceptual use of the invariants of higher dualities, 
recently considered by Sullivan and Siddall [16] in the context of mapping onto the 
3-space defined by Casimir invariants, together with the technique of Sp, ITP forma- 
tion, imparts further breadth to our understanding of group duality in the semitopo- 
logical (non-ME) NMR spin cluster limit. The motivation for these ideas lies in their 
power to demonstrate the generality of the integer z properties of SU(m) x yisoZz 
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dualities, beyond the case of 13C,,-fullerene, whose C2, C3, and C5 central axis views 
are shown in Fig. 6, and in the equivalence between the algebraic view and a proof 
for integer z and the geometric construction of a subsequent figure (Fig. 7). Some 
contrasts between the latter z > 1 cases and the (highest) regular borane, [BH]f;, 
and dodecahedrane, as spin cluster systems with z = l/S, l/3 values, are set out in 
Tables 10 and 11; however, these z < 1 cases only allow specific partial combinatorial 
invariance analyses. 

10. Specific role of combinatorics over SU2 x 9 6oz2 l.54, spin invariance, z 5 1 cases 

Utilizing the Balasubramanian viewpoint [l] and some of our earlier presentations 
[2,12,18] on invariance under SU(m) x 9, duality for n = (6), 12,20,60, one may 
derive a totally combinatorial form for the {xl)“, over 1~ 5, inherent in higher 
t-dodecahedral symmetries, since for z B 1 integer CsoZz there is no coincidence 
between the spin site locations and the edge- (or face-) centred configurations of the 
rotational axes under class (cycle) operators of the invariance algebra over the cage 
spin symmetry. 

Fig. 6. Diagram showing the 9,, structure of C,, fullerene as viewed along the C2, C, and C, axes; note 
the separation between the 5-membered ring components of the structure. The symmetry axes are centred 
about mid-edge or face centre of the cage solid. (From Ref. [ 181 with permission.) 
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Table 10 
The non-coincidence of spin site to rotational axes C,, C,, C, C’s for the simple and higher (t-) 
dodecahedral symmetries of various fullerene structures leading to supermolecular fullerene [‘%I, spin 
clusters n = 240,250,960, . . of the n = 60z2 series for general integer z, discussed in the text 

n z, of 6Oz* c2 G G,c; 

Z<l 
12 (l/5)“* 0 0 1 
20 (l/3)“* 0 1 0 

za 1” 
60 1 0 0 0 
240 2 0 0 0 
540,960, . . ,216O 3,4,...,(6) 0 0 0 

The utility of the analysis lies in its application to analogous bicluster spin systems, or to endohedral 
cluster problems. 
(a) Edge-centred class operation; (b) face centred for all hexagonal-dodecahedral supermolecular models; 
(c) face centred via pentagonal “corners” of supermolecular forms. 
’ Focus here is on z > 1 aspects and proof of generality of these properties for integer z. 

On utilizing //. . .//for the integer part of the quotient, the combinatorial generaliza- 
tions become clear. For pure combinatorial aspects arising from non-coincidence of 
C1 axis and spin apicial site, these are based on odd-even parity under C, and 
//i/2// = ,u, or under the { +, -, 0} set of triples in the sequence {//(i/3)// = p’ (integer), 
i/3 = p’ + l/3 or p’ + 2/3} under C3, or over the quintuple set { + , -, 0, 0, 0, } simi- 
larly associated with i/5 under C5, (C;) rotational operators. Hence using the notation 
A{{xl}(Yn)}M-i for {x~}~-~ - {~~}~-@-l), as the subduced group class invariance is 
equivalent to a specific [AI (= (xl), [A] of Ref. [18]), within the structure of the 
UCG [41] SU(2) x Y”, one obtains the general combinatorial relationships. These 
first apply as partial descriptions for icosahedral, dodecahedral spin cluster invariance 
properties underlying the (z < 1) spin symmetries within decreasing M - i weight 
sequence, with P, P’, LL” being incremental integer functions of i, in recursive derivation 
from {XijM = (‘1, ‘l,.i, 1, 1) (itself equivalent to [n] for n = 12,20,60, . . .), of 

[A] E [n - i, i](z) = A{{xl>~(~1~5)}M-i (43) 

with 

ARGWL’d~)l”-i = {(lf)-(i”l)i i(Z); {i(;,)?o}; 
{+(;J +(;J -(;Jo~oj, 
{+(J,)F+(~,).-(J,)yO,O)e, (M>)i2l (44) 
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for(M~)iPi,A’=(~,)-(~~ia,) (45) 

and subsequently as a completely combinatorical form for fullerene under SU2 x P&, 

A~h>WZ&4V-‘= {(4”) - (TJ; k (:“>i {k (;)a}; 
{f (;),o,o,o}, 

where {xl}” = { 1, 1, 1, 1, 1) for the M maximal outer projective quantum number 
under S02, 1 is over the % class operator set and 0 < M - i is a decreasing integer; 
in addition, ,u = //i/2//, p’ = //i/3//, and $’ = l/i/5// arise in the course of these recursive 
calculations. Due allowance has been made for the only non-combinatorial aspects 
implicit in the simple Ynlds icosahedral or in the initial dodecahedral cluster symme- 
try, as a subset of the n = 60z2 series, for which z is clearly non-integer, i.e. l/5 or 
l/3, rather than integer as in the ChO case or in the higher n 2 240 fullerenes with 
their z 2 2 values. (A similar totally combinatorial analysis of [13C12JSU(2) x 
Y,,@) is possible [ 521, but no series of higher Co-fullerenes are envisaged.) 

11. su2 x Y,&!xI, = S, z 2 2 integer, higher t-icosahedral spin dualities 

From further consideration of the nuclear spin configurations, within respect to 
the structure of the supermolecular cage and the implied C2, C3, C5 axes, one deduces 
the existence of continuity over z = 1,2, . . . , 5, of the edge- or face-centred disposition 
of such axes within a set of extended t-dodecahedron structures, whose faces derive 
[ 681 from the generalized hexagonal forms of Fig. 7. For the n = 60z2 integer z series 
of fullerenes, this depicts the observed non-coincidence of the “spin site to Cj 
rotational axes” for j = 2,3,5 which under SU(2) yield further generalized combina- 
torial relationships; for 13CZd0 as the z = 2 member this becomes 

4xri= {{(‘4”) - (i:;)}, f (‘:“): {* (;),o}: 

{k(y),O,O,Oj; {k(f),O,O,O~~ Mai (47) 
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A : Cg Axis on face 
8 ,(-----):[cl240 
0 , Additions for : [ C ] ~0 
rB , (.-.-.-.I Additions for : [C ] 960 

Fig. 7. A generalized hexagonally derived face for the z integer n = 602 series of augmented t-dodecahedral 
supermolecular fullerenes: the specific diagram draws on the discussions given by McKay et al. [6X]. 
Reproduced with permission from Ref.[36]. 

In general, the truncated-dodecahedral t = 60z2, z > 1 fullerene spin invariance corres- 
ponds to 

A{~~~~-~=ii(r>-(ii~)i,~(“:‘); {*(;:).O}; 
{ * (4i),O,O,O}; {f (~~),O,O,Ojj& Mbi3 1 (48) 

In consequence these {xi} properties, i.e. both directly and from a consideration of 
the invariance products inherent in ITP algebras, allow the subduction from y)60z~ 
(Y;40r .) to Y)6,,z~L&‘5 (Y240L&‘5 etc), to be derived as shown in the last columns of 
Table 11. 

Such tabulations also serve to contrast the simple icosahedral, dodecahedral [A],,, 
n = 12,20 clusters with the (augmented) fullerene spin clusters, n = 60, 240 etc. 
Examples of the outermost p d 3,4 irreps for [ 2D], of [‘Di3C],, and for [X( SU4)], , 
n = 60z2, are given for completeness. Such higher p-tuplar irreps are of special interest 
because of their role in Liouville formalisms of spin dynamics, for which W(m) x cYn 
dualities are over p < m2, or 4, (9, 16), -tuplar structured irrep set. Presentation of 
the extreme members of the series, such as SU(4) x Yz160, or SU(9) x Yn, is restricted 
by the magnitude of their digital fields or, in the latter case, by the number of irreps 
in the lexicology represented by p < 9 (or 81) in the respective M (or n,) carrier spaces. 

The use of conventional methods of determining invariance properties would 
prove tedious in the extreme if utilized for supermolecular or fullerene spin clusters. 
A fuller comparison between z < 1 and z 2 1 dodeca- (t-) icosahedral spin systems is 
given in Ref. [ 361. 
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12. Higher invariants and the determioacy of natural embeddings, 9’“kY: 
n 2 (8,12), 20 

From a consideration of the compatibility of a finite subgroup with an Sp, group 
in which it is to be embedded, one naturally faces the question of the determinacy 
of the resultant c4pn% spin algebras, as an extension of the determinacy [16] of 
higher W(m) x 9” Casimir invariants. A recent revised overview [9] of the Ysspa10 
13C-cubane problem [ 13b] serves to point out how the presence of degeneracy in 
the subduced invariance sets associated with p G 5-tuple modular models renders 
the subduced YnlS model indeterminate under this natural embedding. Subsequently, 
two criteria have been suggested on which the occurrence of determinate natural 
embeddings may be based [lo]. The first of these is the need for a lack of any 
degeneracy in the model invariance sets associated with SU(m < n/2) x Ynpnl% modular 
models. The other criterion constitutes a reliable proof of the absence of indetermi- 
nacy; it utilizes the fact that under the multistep chain of Y”-induced symmetry the 
subduced irrep sets, derived from the SA irrep of the original 9” group, &,(Y,), 
retain the overall property of self-association over all Yn subgroups. In Ref. [lo], we 
postulated that retention of this property for single-step subduction under natural 
embedding does not admit of the presence of either indeterminacy or significant 
degeneracy, i.e. in the il dominance sector prior to the A,,. The difficulty with 
applying this criteria is that the lZsA are located in the module region associated with 
SU(m N n/2) x Yn. An examination [ 121 of the modular models derived from 
Y121d5 = 9 under these criteria supports the view that the (automorphic) icosahedral 
group lifts the prospect for any significant degeneracy; an indication of the multistep 
subduction process, from combinatorially derived induced symmetry irreps sets, over 
the YIZ 1 Yll 3.. . 3 Y6 I Y; subduction chain is given in Table 12, where J&‘~ is a 
proper subgroup to Y;. In the lower dominance sector of AsA P 1 modules, the 
p-tuple models merely reflect the non-SR properties of these high unitary dual spin 
algebras, without giving rise to any indeterminacy in the model systems, in the 
present sense. 

13. A brief introduction to some group theoretical aspects of Liouville space 

The stiucture of Liouville space under group duality is determined by zeroth 
bilinear L= [fi,,, ] _ properties and its related I= x2 = tr !Zc invariance terms over 
s(Yn), as in Refs. [ 11,25c], within the class superoperators .?& defined by 

tr?&‘cXX,(kqu=(k,-k,){...} >>XL (49) 

and where the spin cluster basis arises from the standard tensorial properties [25], 

j2jkqu> > d.t8Jkqu> > E [IfI, Ikqv> >]-I_ 

= k(k + l)lkqu> > (50) 

&kqu> > = [lo, lkqv> >]_ = q(kqv> > (51) 
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The induced-symmetry derived properties of the self-associated (#) .4p12 partitions for the alternative 
completely stepwise Racah chain group embedding of X aa d, in Y12 

C6, 2141# 

[5,32111# 

c4,4221# 

C&211 
3 [6,111] 
3 [S, 2111 
6 C5, t*l# 
3 [4,213] 
3 c4,r51 

c3,m 

3 [5,311 
3 [5,221 
6 [S, 2111 
2 [5,1”1# 
3 ~4,321 
6 [4,311] 
6 [4,221] 
6 [4, 213] 
3 [3,321] 
3 [3,313] 
3 [3,2211] 

2 C4,4ll 
3 ~4,321 
3 [4,311] 
3 C4,22ll# 
3 [3,321] 
2 [3,222] 

5 C6,ll 
5 [5,21 35 [51 

20 [S, 111 105 [4,1] 
10 [4,21] 35 c3,21 
30 [4,111]# 140 [3,11]# 
10 [3,211] 35 [2,21] 
20 [3,14] 105 [2,111-j 

5 [2,2133 35 [ 151 
5 c2, 151 

15 [5,21 
20 [S, 111 35 I51 
15 c4,31 245 14, l] 
60 [4,21] 255 [3,2] 
40 [4,111]# 420 [3, ll]# 
30 [3,31] 255 [2,21] 
30 [ 3,221 245 [2,111] 
60 [3,211] 35 [l”] 
20 [3, l”] 
15 [2,221] 
15 [2,213] 

10 c4,31 
20 [4,21] 56 C4, ll 

140 [3,2] 
6 C4,llll# 132 [3, ll]# 

20 [3,31] 140 [2,21] 
20 [3,22] 56 [2,111] 
20 [3,211-j 
10 [2,221] 

70 A 
210 G 

70 H 
140 (T, + T3) 

70 A 
490 G 
510 H 
420 ( TI + q) 

112 G 
280 H 
132 (T, + T3) 

An induced 9” symmetry approach leads to a group embedding under a Racah symmetry chain which 
is distinct from the natural embedding of .~/s in Y,*. 

for a single spin, and similarly for multispin problems using &, &, of 9 = Xi Ii. 
The form of Eq. (5 1) implies that Liouville space of { (kqu > > } is a direct product 
space. Hence, 

$,=trPP=(l/G)~g&‘tr {!EpIkqu>>} (52) 

applies, with G and gi being the group and class orders respectively. Alternatively, 
one may use aspects of the Zi class superoperator, associated with projectors over 
Liouville space, directly in simple cases [25c], in the sense 

!ZzTkq(ll)= Tkq(ll), k even (53) 

X~~kq(ll)= -Tkq(ll), k odd (54) 
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for X2 a Liouville space permutational superoperator under Y;, and finally 

~f;ijjfi21Tk4(11) = &i~,k:e~en,[Pj,k:dd Tkq(ll) 

pl;iyri21T"(OO) = &i],k=OTO(OO), where 8[j],k=lT J[i2j,k:even vanish 

P[:[i]j[i2j(T1’( 10) * T’q(01))/21’2 = 6(T”(lO) * T’q(01))/21’2 (55) 

for 

1 = ati,, + = Q], _ T or else 6,+ vanishes 

[8a], [25c]: here we have written out the Liouville basis as explicit tensors, whose 
matrix representation may be realized as shown in Table 13. 

A more general technique exists where the invariance properties over the Hilbert 
space are already known; this uses a Latin square construction to derive +;rx, = tr 4~~. 
An example taken under YZ is shown in Table 14. Since this process implies that a 
progressive direct product is being formed, it follows that (for example) both the 
[‘Di3C], biclusters and the Liouvillian direct product basis sets of spin dynamics 
are derivable from ITP considerations [2,19,20,58]. Further, this viewpoint means 
the Yn irreps over Liouville space will span the square of the number of Hilbert 
space components, while the form of [j](SU(m) x Y”) may be seen as spanning the 
full p d m2-tuplar set in place of the p < m structure of Hilbert space. 

14. Mapping over distinct Liouvillian carrier subspaces {fi,} 

In addition, simple ITP arguments yield the SU(2) x Y, spin cluster irreps over 
Liouville space, which spans a (p < 22-tuplar) irrep spin space, in contrast to p < 2 
irreps of Hilbert space; this is rendered SR on introducing the explicitly labelled ll?” 
“superboson” carrier space [ 17,611 derived from the formal augmented mappings 

0 x 8(F): &lQ{@(6) x ~[“l(t))@E SU(2); B(k)E Yn} (56) 

where the SU2 recoupling term 

E(k,-k,){%#,$‘, . ..} 

defines the carrier space ti 3 X0 fl,. This comprises a set of distinct subspaces labelled 
by the (9” democratic) recouplings v; these terms are now explicit aspects of the dual 
irrep hierarchy in the latter context, as well as affording a link between the two 
distinct component groups constituting the duality. Fig. 8 demonstrates the propaga- 
tive aspects of Liouville space underlying relation (56). 

In addition to the difficulties inherent in wider enumeration of ITPs of IE 2 20 
9” group irreps [2], there are more subtle problems concerning transformational 
aspects of higher dualities over the field of (bi)clusters within NMR spin dynamics, 
in that the v recoupling terms (as derived from a Z,, diagram, or other scheme) are 
now implicitly within the scope of Yn-induced symmetry and democratic recoupling, 
topics contributing to the theoretical physics of many-body problems. 
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Table 13 
Representations of the two spin l/2 P$adapted coupled multiple operators p( II), T24( ll), Tur(j) = 
2-“2[T’4( lo)* T’4(01)] and Trq( ll), in terms of Y”-adapted Hilbert space components act, 
(aB + B41421’2. BB 

tap + BaYJ2 (al - fWiJ2 
aa 1 BB 1 

T’O(B) = 0 

0 0 

-1 0 

0 0 

0 0 

0 

0 

0 1 

I 0 0 0 

0 I 0 

0 0 

T”@)= -i 0 0 

0 0 0 

-1 I’ 0 

1 

O/ 

0 0 0 -1 

000 D 0 0 0 

0 

T”(ll)=i 
J2 

-1 : 
0 lI \ 0 0 0 

I 
10 0 -1 

00 0 

T”(ll)=$ 0 0 0 

00 0 

0 

0 

0 

0 I 
Note that the traces of the matrix representations vanish and that the Tk4(d) exhibit no off-diagonal 
elements linking the subspaces of Hilbert space. The contrasting analogous representations in terms of 
primitive aa, ar!?, pa, fib Hilbert components are summarized in Table Al of Ref. [SS]. After Table 5 
of Ref. [ 581. 



Ta
bl

e 
14

 
Th

e 
in

va
ria

nc
e 

hi
er

ar
ch

y 
as

so
ci

at
ed

 
w

ith
 

th
e 

[A
]!$

=‘
) 

sp
in

 
cl

us
te

r 
un

de
r 

Y
d4

p4
9 C

&
 ba

se
d 

on
 

th
e 

re
la

tio
ns

hi
p 

gp
,(Y

d)
 =

 P
(B

): 
Y

d[
 x

](
Y

4)
’ 

[A
]‘

a”
‘:

 
lb

>>
 

q-
8 

I 
6 

5 
4 

k&
)W

): 
+{

l, 
l,l

, 
1,

l) 
1%

 2
,0

,4
4)

 
(3

6,
3,

4,
0,

 
12

) 
{ 1

12
,4

,0
,0

,2
4}

 
(2

66
, 

5,
 1

0,
 2

,4
21

 

M 1 -4
 

-3
 

-2
 

-1
 0 

4 
3 

I 
2 

1 
I 

0 

$-
 

(X
A

M
- 

_-
.I 

IL
L 

1,
 l,

l) 
(4

,1
,4

0,
2)

 
(1

0,
 

I,2
9 

0,
41

 
(1

6,
 

1,
0,

0,
4)

 
(4

, 
1,

4 
07

2)
 

{1
6,

1,
0,

0,
4)

 
(4

0,
 

1,
0,

0,
8)

 
(6

4,
 

1,
44

8)
 

(1
0,

 1,
2=

 
{4

0,
1,

0,
 

ox
- 

{l
oo

, 
1,

4,
0,

16
) 

{1
6,

 1
70

,0
74

) 
16

4,
 l

,O
, 

0,
8)

 
(1

%
 1

,2
,1

,5
} 

et
c.

 

(1
%

 1
,2

, 
1,

 5
) 

Th
e 

{f
ij4

 
an

d 
(x

~}
~ 

se
ts

 r
ef

er
 

to
 

Li
ou

vi
lle

 
an

d 
st

at
e 

sp
ac

e 
re

sp
ec

tiv
el

y.
 

A
fte

r 
R

ef
. 

[S
S]

. 



F. P. TemmejCoordination Chemistry Reviews 143 (1995) 169-218 209 

outer 
k 

3 

0 1 2 3 
additive ki of (It i - k,) 

Fig. 8. Propagative ki - k, recoupling over Liouville space of the 2 < n < 4, . -fold spin l/2 cluster. The 
diagram, after Ref. [69a], gives the pictorial forms for two scalar invariants. In addition, it incorporates 
a small correction to the original version. 

As a consequence of the dominance of the Heisenberg-like term and its associated 
permutational properties, the case of NMR spin algebras for high n is quite distinct 
from that associated with, for example, the typical [53,54] electronic, nuclear struc- 
ture, or conventional molecular physics problems [ 471, in that the invariance proper- 
ties of higher IE cluster NMR (originating from bilinearity of the dominant Heisenberg 
term) ensure the importance of the permutational and Yn automorphic viewpoint 
[ 1,2]. Indeed within the carrier subspaces there remain sets of subduced dualities 
which retain aspects of the universal covering dual group SU(2) x 9” in regard to 
these o terms. 

14.1. The role of induced symmetry in many-body democratic recoupling 

The structure of Liouville ;pace under group duality for higher n essentially is 
determined by zeroth bilinear L= [I&,, ] _ and related invariance terms. The permuta- 
tional properties give a more explicit indication of the role of democratic recoupling 
under induced symmetry [ 17,551 which defines Liouville mapping formalisms [61]. 
Hence, analysis of the abstract augmented Heisenberg algebra for Liouville operators 
in such terms yields the ladder-like structure of Liouville space [61,69] and the 
u recoupling, as an explicit aspect of irrep structure inherent in mapping over the 
related carrier (sub)spaces. Indeed, the concepts derived from theoretical studies of 
spin monoclusters yield a better understanding of the nature of NMR coherent 
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transfer [70] from the structure of coherent superpositional bases [Sb] for homo- 
nuclear AGM . . . X n-fold distinct (non-cluster) spin systems. 

The recognition of D?, as distinct carrier subspaces of Liouville space has revived 
interest in the role of the Yn group with its implied generalized democratic recoupling 
for the v terms [17]. Hence these SU(2)-Yn cooperative relationships for v serve to 
link the various distinct literature contributions to the field of cluster spin dynamics. 
For instance, within u z (k, - k,) (2, . . .} there are n - 2 g-type inner recoupling 
components; it would appear to be no accident that there are also precisely n - 2 
scalar invariants over a spin algebra and similarly n - 2 component irreps within 
the multistep Y”-r 1 Y”-2 3.. . I Sp, 3 Y; induced symmetry sequence describing the 
Racah chain. One is forced to the conclusion that many-body democratic recoupling, 
as an extension of the 1965-1972 work of Levy-Leblond and Levy-Nahas [38] and 
of Galbraith [39], may be equally well described by either scalar invariants or a set 
of irrep labels associated with the (2.. . } aspects under induced symmetry. This 
well-founded comment does not appear to have been recognized prior to 1990 and 
the publication of Ref. [61] on Liouvillian mapping over the distinct carrier sub- 
spaces {&I”} whose propagative properties are given below; the induced stepwise 
build-up of distinct subspatial v labelling to Yd is exemplified by the v subspaces of 
Fig. 9, after Ref. [69a]. While under the dual UCG over Liouville space the dimen- 
sional order of the fi, subspaces for v = (k, - k,) {~8, . . . }, ki < 1, arises naturally in 
a combinatorial form, 

ifi (2k + 11, for v - (llLO,+lOO,) (57) 

for all higher dual algebras over Liouville space, no closed expression is known for 
the cardinality, I( ml, 11. This difficulty arises from the non-SR nature of SU(m>2) 
spaces. 

14.2. A few brief comments on practical multiple quantum (MQ) NMR aspects of spin 
clusters 

Since the mid-1980s applications concerning the Liouville NMR formalisms 
[25,70,71] over (high) q quanta1 subspaces of MQ NMR benefit from the realization 
that much of the information content of practical (bi)cluster MQ NMR systems is 
contained in a number of the outer weight q subspaces [72], without the need to 
examine the scalar invariants of all the lower q aspects. Indeed, similar interest in 
scalar invariants as replicative subspectra over Hilbert space was typical of the 
cw NMR era [4,42]. In addition to “rigid” exo cage, endohedral and similar 13C met. 
car(b) clusters [9,73] (where Ref. [73] extends Ref. [ 13b]), or pure molecular 
dynamic wreath-product spin clusters, there exist interesting solid state plastic crystal- 
like clusters in which the distinction between intracluster, external lattice mode 
motions and even more general structural deformations may not be made. 

A recent single-crystal publication from the Heidelberg NMR group [74] on 
bullvalene, [ ‘3CH]10, is typical of such cluster-like spin systems. 
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Fig. 9. A view of propagation and branching over specific Q, carrier subspatial sets associated with 
SU2 x Sp, Liouville spin space of [A]. clusters, from Ref. [69a] with permission; here u arises form 
recoupling which under democratic recoupling becomes associated with Y”-induced symmetry. 

15. Summary 

The viewpoint adopted in the present work is based on the inherent structure 
[ 17-211 of group duality, with certain associated mappings over Liouville space 
[ 10,203, where the inner recoupling u term remains as a link between the distinct 
unitary Yn and Y”@ groups [2,17,61]. 

Further background to these views will be found in recent discussions of democratic 
recoupling [ 171 within Y”“,-induced symmetry [61], with its augmented space boson 
algebra [ 171, whereas Rota-Cayley algebra over {M, . . . A4,)M sets, or ({k, . . . k,}) 
aspects of Liouvillian recoupling u terms, may be associated with p-tuples (9,). These 
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“JJ parts of integer n” over the Hilbert space {Mi}M sets act both as SU(m) lexical 
inventories for { 1 IM( ) > } and as a way of characterizing the scalar invariants under 
the specialized direct product group SU(m < n) x 9”. This review gives an overview 
of spin cluster NMR studies for 6 < n < 12, (20), 60,. . . n-fold clusters for various 
W(m) related identical spins. Since the Liouville aspects are related to certain ITPs 
[ 191 and technical aspects of NMR [ 701, we have considered Hilbert space aspects 
in more detail here to bring out the spin cluster aspects of NMR and of the modelling 
associated with these larger exo cage spin systems. Fuller details on applications of 
the CI symmetric function techniques may be found in the work of Balasubramanian 
[ 35,64,75-771. Analogous NMR problems involving dynamical exchange processes 
between sites of high 3-space symmetry have been reviewed by Szymanski and Binsch 
[78] and subsequently developed further by Szymanski [79]. For reasons of brevity, 
no discussion of the fundamental wreath-product symmetries [22,77] is presented 
here; the latter extensive authoritative works of Balasubramanian should be consulted 
for their group theoretical insight into this aspect of NMR. 

A summary of the #(sP,) principal characters under groups associated with 
icosahedral or dodecahedral spin symmetries is given in Table 15, for its value in 
understanding the “structure” of spin cluster NMR. The range of p-tuple forms, for 
a specific Yn group of interest in the study of spin clusters, naturally suggests that a 
table of the f( p, n) frequency factors for ;1 t n partitions (Table 16), should be included 
for reference purposes, where higher f(p, n) factors may be found using the MAPLE 
computer package [ 801. 

The physical insight gained from mapping and from the dominance order of 3Lkn 
partitions could not have been obtained directly by any other possible methods; the 
discerning reader will have noted that a couple of additional problems remain in 
fully incorporating high n clusters into Liouville formalisms [25]. Hence, the full 
[AX]. bicluster spin dynamics and relaxation problem has yet to be treated in that 
manner. In contrast, the value of the corresponding coherent superpositional 
Liouville bases (i.e. equivalent to bases for Sp, monoclusters) in understanding coher- 
ence transfer phenomena has been stressed by Listerud et al. [ 701. As a brief 

Table 15 
Some x$,l principal characters of the higher fullerene-related symmetric groups as realized by the 
enumerative combinatorics associated with the idea of hook lengths [9,10,21,55]” 

n Ij[n-l,l]ll II[n--2,21(1 IICn-2,111llIlCn-3,31ll IICn-3,211ll IIC~-3~~~~1llC~-4~4111 

12 11 54 55 154 320 165 275 
20 19 170 171 950 1920 969 3705 
60 59 1710 1711 32450 64960 32509 453415 

240 239 28440 28441 2246600 4493440 132535060 
540 539 144990 144991 25952850 51906240 . . 3477609135 
960 959 459360 459361 146535200 293071360 . 35021682640 

1500 1499 1122750 1122751 560251250 1120540000 . . . 209533405375 

’ In accord with the combinatorial hook length techniques [59] discussed in earlier monographs and 
reviews [22,55]. 
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postscript to this review, we mention a few 3-space symmetry aspects which have 
acquired significance [30-32,66,81-861 as a result of work on 9” cluster molecules. 

The strongly interdisciplinary nature of the body of the review precludes any 
attempt at completeness in the references; selection has been governed solely by the 
need to give representative examples of the subtopics presented. 
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Notation 

d,, an Alternate Group. 
8, Btx,, Projection operators in distinct spaces. 
9’,,, a Symmetric Group. 
T”q( 11. . ) E Tkq(u), a recoupled tensor. 
[X], an irrep of 9” group. 
k, ki, outer (inner) tensorial ranks. 
:A:, a model p-tuple, or 9” module. 
Z(Y,J, Character table for 9,. 
q, z-projection or weight (Liouville space). 
M, fl,, Hilbert (Liouville) carrier spaces. 
M, z-projection or weight (Hilbert space). 
Al-n, a partition of n. 
2, a recoupling term from kis. 
0, direct product in group theory. 
v, a generic all-embracing recoupling term. 
l, Group Subduction. 
1, ‘for which’ (in context of mapping). 
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2, ‘contains’ as defining a symmetry chain. 
Xi, a cycle operator of Yn algebra. 
p, Dominance order, of { [nl]>. 
A ArI’l, a Kostka coefficient of module decomposition. 
I/ . .jI, cardinality, or order. 
//i/5//, integer part of quotient. 
@), combinatorial term. 
plm, the number of parts of +n in SU(m) branching. 
~ > , a mapping (onto). 
- AsA, A( +I), self-associate irreps of 9,. 
gi, class, or cycle, order. 
E , ‘element of’. 

$, permutational invariance of :I: over cycle algebra, Xi. 
{Xi>, XC,, invariance under group: (a) as a set over classes; (b) for specific cyclic class. 
x$](Y,,), principal characters of 9”. 
$, unit (col.) vector over cycles, or classes. 
$!, unit (col.) vector over irrep set, {[A’]>. 
F, unit (col.) vector over irrep set of finite group. 
IY, a representation of a finite group. 
3, 0, .Y, general and specific finite groups. 
{/}, a set of. 

Appendix A: Some 3-space symmetry-related aspects of C, fullerene 

As a more general physical science addendum to the review, we draw attention to 
several 1994 reviews and reports of work in 3-space symmetry-related areas of 
pertinence of CsO fullerenes and 9 (Y,,) symmetry. The nature of SO( 3) -+ Y,, correla- 
tions has been given by Fowler and Woolrich [Sl] and by Weekes and Harter 
[66b]; interest in the molecular dynamics of C6e has been considerable with funda- 
mental papers by Ceulemans and co-workers [31] and others on breathing modes 
of shell-like cages and extensive inelastic incoherent neutron investigations [32] 
utilizing the spin-dependent cross-section to overcome the symmetry-forbidden 
nature of specific modes in other conventional spectroscopic techniques. Axe et al. 
[82] have presented an exhaustive review of these aspects of the molecular physics 
of C&, fullerene, while the phonon density of states work from coherent neutron 
scattering and studies of the electronic structures of alkali metal fullerides have been 
surveyed by Picketts [83]. The development of icosahedral (spherical) harmonic 
formalism by Weekes and Harter [66a,b] deserved to be mentioned. Theoretical 
spectroscopic work of M@C6,, with M = He, Li by a Canadian group [84] and 
calculations [SS] of the polarizability of C 240 (a cluster discussed in the main text) 
are notable contributions with a high symmetry content; finally, work on NMR spin 
rotational relaxation of CsO by Walton et al. [ 861 is particularly pertinent to aspects 
of the above discussion concerned with Liouville formalisms for NMR spin 
dynamics [25]. 
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